If the X(3872) is a weakly bound charm-meson molecule, it can be produced by the creation of D * 0D0 or D 0D * 0 at short distances followed by the formation of the bound state from the charmmeson pair. The resonance associated with the bound state also produces a threshold enhancement in the production of D * 0D0 or D 0D * 0 with a peak at the kinetic energy equal to the binding energy of the X. We show that the prompt cross section for producing X at a high energy hadron collider is approximately equal to the naive cross section for producing the charm-meson pair D * 0D0 without the threshold enhancement integrated up to a momentum of order (m 2 π γ X ) 1/3 , where γ X is the binding momentum of the X. The X can also be produced by the creation of D * D * at short distances followed by the rescattering of the charm-meson pair into Xπ. We show that the prompt cross section for the formation of X accompanied by a pion from this mechanism should be greater than the cross section for producing X without the pion. The combination of these two production mechanisms can account for the observed prompt production rate of X(3872) at hadron colliders.
I. INTRODUCTION
The discovery of a large number of exotic hadrons containing a heavy quark and its antiquark presents a major challenge to our understanding of QCD [1] [2] [3] [4] [5] [6] [7] . The X(3872) meson was the first of these exotic hadrons to be discovered. It is the one for which the most data is available, but its nature has not yet been definitively established. It was discovered in 2003 in exclusive decays of B ± mesons into K ± X through the decay of X into J/ψ π + π − [8] . Its existence was quickly verified through inclusive production in pp collisions [9] . The observation of its decay into J/ψ π + π − π 0 revealed a dramatic violation of isospin symmetry [10] . The J P C quantum numbers of X were eventually determined to be 1 ++ [11] . Its mass is extremely close to the D * 0D0 threshold, with the difference being only 0.01 ± 0.18 MeV [12] . This suggests that X(3872) is a weakly bound S-wave charm-meson molecule with the flavor structure
However there is no shortage of alternative models for the X [1] [2] [3] [4] [5] [6] [7] . The X has been observed in many more decay modes than any of the other exotic heavy hadrons. In addition to J/ψ π + π − and J/ψ π + π − π 0 , it has been observed in J/ψ γ, ψ(2S) γ, D 0D0 π 0 , D 0D0 γ, and most recently χ c1 π 0 [13] . The observation of X in these 7 different decay modes has not proven to be effective in discriminating between these models. There may be aspects of the production of X that are more effective at discriminating between models than the decays of X.
The X can be produced by any reaction that can produce its constituents D * 0D0 and D 0D * 0 . In particular, it can be produced in high energy hadron collisions. The inclusive production of X in pp collisions has been studied at the Tevatron by the CDF [9] and D0 [14] collaborations. The inclusive production of X in pp collisions has been studied at the Large Hadron Collider (LHC) by the LHCb [15] , CMS [16] , and ATLAS [17] collaborations. At a high energy hadron collider, X is produced by the weak decays of bottom hadrons, and it is also produced promptly through QCD mechanisms. The substantial prompt production rate of X at hadron colliders has often been used as an argument against its identification as a weakly bound charm-meson molecule. This argument is based on an upper bound on the cross section for producing X in terms of the cross section for producing the charm-meson pairs D * 0D0 and D 0D * 0 integrated up to a maximum relative momentum k max [18] . The estimate for k max in Ref. [18] was approximately the binding momentum γ X of the X. In Ref. [19] , it was pointed out that the derivation of the upper bound in Ref. [18] requires k max to be of order the pion mass m π instead of γ X . In Ref. [20] , we used the methods of Ref. [19] to derive an equality for the X cross section in terms of a D * 0D0 cross section with a threshold enhancement due to the X resonance. The methods of Ref. [19] can also be used to derive an estimate for the X cross section in terms of a naive D * 0D0 cross section without the threshold enhancement. The resulting estimates for the prompt cross sections for X at the Tevatron and at the LHC are compatible with experimental lower bounds on the cross sections. In this paper, we provide details of the derivations of the equality and the estimate for the X cross section.
In Ref. [20] , we also pointed out that the production rate of X accompanied by a pion at a high energy hadron collider should be larger than that of X without a pion. The production of Xπ can proceed through the creation of a pair D * D * of spin-1 charm mesons at short distances followed by the rescattering of D * D * into Xπ. If the additional contributions from this mechanism are large enough, the estimates for the prompt cross sections for X at the Tevatron and at the LHC could even be compatible with cross sections near the experimental upper bounds. In this paper, we provide details of the calculation of the cross section for producing Xπ in high energy hadron collisions.
The outline of this paper is as follows. In Section II, we describe some universal aspects of weakly bound S-wave molecules and the scattering of their constituents. In Section III, we present experimental upper and lower bounds on the cross sections for the production of X at the Tevatron and the LHC. In Section IV, we discuss the theoretical upper bound on the prompt cross section for producing X at hadron colliders derived in Ref. [18] . We explain why the derivation requires the charm-meson-pair cross section to be integrated up to a maximum momentum of order m π . In Section V, we use the methods of Ref. [19] to derive an equality between the X cross section and a charm-meson pair cross section that takes into account the threshold enhancement from the X resonance. We also obtain an estimate for the X cross section in terms of a naive charm-meson-pair cross section without any threshold enhancement. In Section VI, we describe briefly the effective field theory XEFT that can describe charm mesons and pions near their thresholds. In Section VII, we apply XEFT to the production of a pair of spin-1 charm mesons at a high energy hadron collider. In Section VIII, we apply XEFT to the production of X accompanied by a pion at a high energy hadron collider. Our estimate for the prompt cross section is larger than that for X without the pion. In Section IX, we summarize our results and discuss their implications. Upper and lower limits on the branching fraction for X → J/ψ π + π − , which are needed to put lower and upper limits on the cross sections at hadron colliders, are derived in Appendix A.
II. WEAKLY BOUND S-WAVE MOLECULE
If short-range interactions produce an S-wave bound state extremely close to a scattering threshold, the few-body physics has universal aspects that are determined by the binding momentum γ X of the bound state [21] . The binding energy is γ 2 X /(2µ), where µ is the reduced mass of the constituents. The binding momentum γ X is also called the inverse scattering length. The momentum-space wavefunction in the region of momentum below the inverse range has the universal form
The low-energy scattering of the constituents also has universal properties determined by γ X through a simple function of the complex energy E relative to the scattering threshold:
The universal elastic scattering amplitude in the region of relative momentum k below the inverse range is obtained by evaluating this function at energy E = k 2 /2µ + i . The function f X (E) also gives the energy distribution from creation of the constituents at short distances. By the optical theorem, the distribution in the energy E below the energy scale set by the range is proportional to the imaginary part of f X (E):
There is a delta-function term at a negative energy from production of the weakly bound molecule and a theta-function term with positive energy from production of the constituents. The integral of this distribution over E can be expressed in terms of an integral over the relative momentum k: The tall rectangle below the scattering threshold at E = 0 represents the delta function from production of the bound state and should be multiplied by 10. The dashed curve is the naive energy distribution in the absence of the resonance given by Eq. (6) with Λ = 5 γ X .
The universal energy distribution in Eq. (4) from the creation of the constituents at short distances is illustrated in Fig. 1 . The delta-function term below the scattering threshold at E = 0 is represented by a tall rectangle centered at E = −γ 2 X /2µ which would have the correct area if it was multiplied by 10. That area is equal to the area of the energy distribution above the threshold integrated up to the energy 20.2 (γ 2 X /2µ). The energy distribution above the threshold has a maximum at the binding energy γ 2 X /2µ. For E much larger than γ 2 X /2µ, the universal energy distribution in Eq. (4) decreases as E −1/2 . This scaling behavior should continue up to the energy scale set by the range. The naive energy distribution in the absence of the resonance has a form at low energy that can be obtained from Eq. (4) by omitting the delta-function term and by replacing the denominator γ 2 X + k 2 in the theta-function term by Λ 2 , where Λ is some momentum of order the inverse range:
The naive energy distribution is shown as a dashed line in Fig. 1 . The actual energy distribution should cross over from the solid line to the dashed line, and it should therefore have a local minimum near Λ 2 /2µ. The area under the delta function from the bound state is equal to the area of the naive energy distribution integrated up to the energy (3πγ X Λ 2 ) 2/3 /2µ. If the X(3872) is a weakly bound charm-meson molecule, its constituents are the superposition of charm mesons in Eq. (1). We denote the masses of the spin-0 charm mesons D The present value of the difference E X between the mass of the X and the energy of the D * 0D0 scattering threshold is [12] E
If this difference E X is negative, the X is a bound state with binding energy |E X |. The central value in Eq. (7) corresponds to a charm-meson pair above the scattering threshold. The value lower by 1σ corresponds to a bound state with binding energy |E X | = 0.17 MeV and binding momentum γ X = 18 MeV. Some qualitative aspects of the energy distribution illustrated in Fig. 1 have been observed by the Belle collaboration in the decays of B mesons into KD 0D0 π 0 [22] . The D 0D0 π 0 invariant-mass distribution has a peak near the D * 0D0 threshold. The energy resolution was not sharp enough to resolve the contributions from the narrow peak below the D * 0D0 threshold from the X bound state and the peak above the threshold from the D * 0D0 and D * 0D * 0 threshold enhancements. The difference between the fitted curve to the D 0D0 π 0 invariant-mass distribution and the combinatorial background in Ref. [22] has a minimum at a D 0D0 π 0 energy about 11 MeV above the D * 0D0 threshold. If we set Λ 2 /2µ = 11 MeV, we get an estimate for Λ of about 150 MeV. This is consistent with Λ being of order m π .
There have also been measurements of X from the decays of B mesons into KD * 0D0 [23, 24] . The D * 0 was actually D 0 π 0 or D 0 γ with invariant mass near the D * 0 mass, and their momenta were constrained to have invariant mass equal to the D * 0 mass. Thus a D 0D0 π 0 event was interpreted as a D * 0D0 event even when the D 0D0 π 0 energy was below the D * 0D0 threshold [25] . The peak near the threshold in the resulting D * 0D0 invariant-mass distribution actually came from both the X resonance and the D * 0D0 threshold enhancement. The fraction of events from the X resonance can be estimated from the integral of the distribution in Eq. (4) up to the energy Λ 2 /2µ:
If the binding momentum γ X was known, we could get a quantitative estimate of this fraction by approximating Λ by the value 150 MeV inferred from the local minimum of the D 0D0 π 0 invariant-mass distribution in Ref. [22] . If γ X = 18 MeV, this estimate is 31%.
III. CROSS SECTIONS FOR X AT HADRON COLLIDERS
Within months of the discovery of the X(3872) in B meson decays by the Belle Collaboration in September 2003 [8] , its existence was confirmed by the CDF Collaboration through inclusive production of X in pp collisions at the Tevatron [9] . The X was observed in the discovery decay mode J/ψ π + π − . Some of the X events were produced from decays of bottom hadrons, with the ultimate decay products µ + µ − π + π − emerging from a displaced vertex. The majority of X events were produced promptly, with the ultimate decay products emerging from the primary collision vertex. The prompt X events presumably come from QCD production mechanisms. The CDF Collaboration has reported ratios of the prompt cross sections for X and ψ(2S) modulo the ratio ψ / X of the efficiencies for observations of ψ(2S) and X in their J/ψ π + π − decay modes [26] . The ratio ψ / X is presumably closer to 1 than to 2 or 1/2. In Ref. [18] (BGP 2 S), measurements of the prompt cross sections for X and ψ(2S) by the CDF Collaboration were used to obtain an estimate of the product σ Br of the prompt cross section for X and its branching fraction into J/ψ π + π − in the region with rapidity |y| < 0.6 and transverse momentum p T > 5 GeV:
A loose lower bound on the cross section for X can be obtained by using Br < 1. The inclusive production of the X in pp collisions at the LHC has been studied by the LHCb [15] , CMS [16] , and ATLAS [17] collaborations. The CMS collaboration measured the product σ Br of the prompt cross section for X and its branching fraction into J/ψ π + π − for X with |y| < 1.2 and 10 GeV < p T < 30 GeV at center-of-mass energy 7 TeV [16] :
The prompt fraction was measured to be about 74% in the range 10 GeV < p T < 50 GeV [16] . Given the results for σ Br in Eqs. (9) and (10), a constraint on the branching fraction into J/ψ π + π − gives constraints on the prompt cross sections. Lower and upper bounds on the branching fraction are derived in Appendix A:
A lower bound on the prompt cross section σ can be estimated by decreasing the central value of σ Br by 1 standard deviation and then dividing it by the upper bound on Br in Eq. (11) . An upper bound on σ can be estimated by increasing the central value of σ Br by 1 standard deviation and then dividing it by the lower bound on Br in Eq. (11) . Using the estimate in Eq. (9), the bounds on the prompt cross section at the Tevatron with |y| < 0.6 and p T > 5 GeV are Tevatron : 7.3 nb < σ[X(3872)] < 127 nb.
Using the measurement in Eq. (10), the bounds on the prompt cross section at the LHC with |y| < 1.2 and 10 GeV < p T < 30 GeV are LHC : 2.6 nb < σ[X(3872)] < 42 nb.
In both Eqs. (12) and (13), the upper limits are more than 15 times larger than the lower limits.
In Ref. [27] , ranges of prompt cross sections σ for X at the Tevatron and at the LHC were obtained by considering branching fractions in the range 2.7% < Br < 8.3% [28] . The lower ends of their ranges were about 5 times larger than our lower bounds on the cross sections in Eqs. (12) and (13) . The differences come primarily from two sources. First, the lower end of their range for σ was obtained from the central value of σ Br rather than from the value lower by 1 standard deviation. Second, the upper end of their range for Br was about 4 times smaller than our upper bound in Eq. (11) . As explained in Appendix A, the smaller upper bound on Br was obtained by assuming that measurements of the branching fraction of X into D 0D * 0 are dominated by the decay of the X resonance into D 0D0 π 0 and D 0D0 γ below the D 0D * 0 threshold and have a negligible contribution from the threshold enhancement in the production of D 0D * 0 above the threshold. This assumption is contradicted by measurements of the width of the X from the D 0D * 0 decay mode, which are significantly larger than the upper bound on the width obtained by the Belle collaboration from the J/ψ π + π − decay mode [29] .
IV. UPPER BOUND ON CROSS SECTION FOR X
If X is a weakly bound charm-meson molecule with the flavor structure in Eq. (1), the inclusive cross section for producing X can be expressed in terms of the same amplitudes as those in the inclusive cross sections for producing D * 0D0 and D 0D * 0 [18] . The inclusive cross sections for producing D * 0D0 and D 0D * 0 with small relative momentum k in the charmmeson-pair rest frame and the inclusive cross section for producing X can be expressed as
where µ is the reduced mass of D * 0D0 . The sums over y are over all the additional particles that can be produced. The differential phase space dΦ (D * D )+y is that for a composite particle denoted by (D * D ) with mass M * 0 + M 0 plus the additional particles y. Factors of 3 from the sums over the spin states of D * 0 orD * 0 or X are absorbed into the amplitudes A. The momentum-space wavefunction for the X in Eq. (14c) is normalized so
The phase-space integrals in Eqs. (14) are over the 3-momenta of the additional particles y, but the cross sections remain differential in the 3-momentum P of (D * D ). Thus the D * 0D0 and D 0D * 0 cross sections in Eqs. (14a) and (14b) are differential in both P and k, while the X cross section in Eq. (14c) is differential only in P .
In the expression for the X cross section in Eq. (14c), there are interference terms between the integrated amplitudes for producing D * 0D0 + y and D 0D * 0 + y. The interference terms are positive for some sets of additional final-state particles y and negative for others. In highenergy hadron collisions, there are dozens or even hundreds of additional particles. The sum over the many additional particles y gives cancellations that suppress the interference terms. term. At large transverse momentum, the hadronization of a cc pair is equally likely to produce D * 0D0 and D 0D * 0 , because the probability of a light quark or antiquark from a colliding hadron to become a constituent of one of the charm mesons is very small. The D * 0D0 term and the D 0D * 0 term should therefore be equal, and the expression for the X cross section can be reduced to
The authors of Ref. [18] (BGP 2 S) derived a theoretical upper bound on the cross section for producing X in terms of a cross section for producing the charm meson pair D * 0D0 . To derive their upper bound, BGP 2 S first restricted the integral over the relative momentum in Eq. (15) to a region |k| < k max in which ψ X (k) differs significantly from 0. They then applied the Schwarz inequality to that integral:
, (16) where the primes on the integrals indicate restrictions to |k| < k max . The first factor on the right side of Eq. (16) is the probability for the constituents of the X to have relative momentum less than k max . Since this probability is less than 1, we obtain the inequality
The validity of this inequality hinges on the validity of restricting the integral in Eq. (15) to the region |k| < k max . In Ref. [18] , BGP 2 S did not give an unambiguous prescription for the maximum momentum k max in the inequality in Eq. (17) . The value they gave for the difference E X between the mass of the X and the energy of the D * 0D0 scattering threshold was E X = −0.25±0.40 MeV. The central value corresponds to binding momentum γ X = 22 MeV, and the value lower by 1σ corresponds to γ X = 35 MeV. In Ref. [18] , BGP 2 S chose k max in the inequality in Eq. (17) to be 35 MeV. In a subsequent paper Ref. [30] , whose authors included most of those of Ref. [18] , an updated estimate k max = 20 MeV was given. This is close to the binding momentum γ X = 18 MeV one obtains from the value of E X that is 1σ below the central value in Eq. (7). The choice for k max in both papers is consistent with the assumption that k max is approximately γ X , although this assumption was not stated explicitly in Ref. [18] .
The conclusions of Ref. [18] were challenged in Ref. [19] , which argued that the appropriate choice of k max in the upper bound in Eq. (17) is of order m π instead of order γ X . If short-range interactions produce an S-wave bound state close to a scattering threshold, the momentum-space wavefunction in the momentum region below the inverse range has the universal form in Eq. (2). The normalization integral of the probability density |ψ X (k)| 2 is dominated by k of order γ X . However the integral over k in Eq. (14c), whose integrand has only one factor of ψ X (k), is not dominated by k of order γ X . It has significant contributions from the region extending up to k of order m π , which is where the wavefunction ψ X (k) begins to fall faster than 1/k 2 . Thus the derivation of the upper bound in Ref. [18] requires k max to be of order m π instead of order γ X , as was apparently assumed in Ref. [18] .
In Ref. [18] , BGP 2 S estimated the cross section for charm-meson pairs with relative momentum k at the Tevatron using the event generators Herwig and Pythia to produce hadronic final states from 2 → 2 parton processes, primarily gg → gg. This extremely inefficient method gave distributions at small k with the behavior k dk. Their estimate for the theoretical upper bound on the prompt cross section for X at the Tevatron obtained by inserting k max = 35 MeV into Eq. (17) was 0.07 nb using Herwig and 0.11 nb using Pythia. These cross sections are about 30 times smaller than the loose lower bound of 3.1 nb given by the right side of Eq. (9). BGP 2 S concluded that if the X was a weakly bound charm-meson molecule, its formation from charm mesons at the rate observed at the Tevatron would be unlikely. Given that their D * 0D0 cross section scaled as k 2 max , the value of k max would have to be larger than about 280 MeV for the D * 0D0 cross section calculated using Pythia to be above the lower bound on the X cross section at the Tevatron in Eq. (12) . The value of k max would have to be about 1200 MeV for the D * 0D0 cross section to be as large as the upper bound on the X cross section at the Tevatron in Eq. (12) .
In Ref. [19] , the cross section for charm-meson pairs with small relative momentum k at the Tevatron was estimated using the event generator Pythia to produce hadronic final states from the 2 → 3 parton process gg → ccg. The distribution had the behavior k 2 dk in the region k < m π . This behavior should be more accurate than the behavior k dk obtained in Ref. [18] , because the event generator, which has not been tuned to reproduce distributions in k, plays a smaller role in generating the distributions. Their estimate for the theoretical upper bound on the prompt cross section for X at the Tevatron from Eq. (17) with k max = 35 MeV was 0.030 nb. Given that the D * 0D0 cross section scales as k 3 max , the theoretical upper bound is greater than the loose lower bound of 3.1 nb given by the right side of Eq. (9) if k max is greater than about 160 MeV. The authors of Ref. [19] concluded that the upper bound in Eq. (17) with k max of order m π was compatible with the observed prompt cross section for X at the Tevatron. The value of k max would have to be larger than about 220 MeV for the D * 0D0 cross section to be above the lower bound on the X cross section at the Tevatron in Eq. (12) . The value of k max would have to be about 600 MeV for the D * 0D0 cross section to be as large as the upper bound on the X cross section at the Tevatron in Eq. (12) . This value is uncomfortably large compared to the scale m π .
The conclusions of Ref. [18] were also challenged in Ref. [27] . They used an effective field theory with ultraviolet cutoff Λ in which X is treated as a charm-meson molecule. They calculated the inclusive prompt cross sections for producing X in pp collisions at the Tevatron and in pp collisions at the LHC using the event generators Herwig and Pythia to calculate the production rate of D * D at short distances and using the effective field theory to calculate the formation rate of the X at long distances. With Λ = 100 MeV, their cross sections using Pythia were 0.05 nb at the Tevatron and 0.04 nb at the LHC, which are much smaller than the results from CDF and CMS in Eqs. (9) and (10) . Their cross sections were compatible with the results from CDF and CMS for Λ in the range from 500 MeV to 1000 MeV. For these large ultraviolet cutoffs, the contributions from the charged-charmmeson-pair channels D * + D − and D + D * − were larger than those from the D * 0D0 and D 0D * 0 channels by about a factor of 2.
The analysis in Ref. [27] was rejected in Ref. [30] , whose authors included most of those of Ref. [18] . They argued that k max must be determined "independently of any educated guesses on the explicit form" of ψ X (k). They did not address the issue that their derivation of the upper bound with k max of order γ X fails for the explicit wavefunction in Eq. (2).
V. ESTIMATE OF CROSS SECTION FOR X
In Ref. [20] , we used the methods of Ref. [19] to derive an equality between the cross section for producing X(3872) and a cross section for producing charm meson pairs. The equality takes into account the rescattering of the neutral-charm-meson pair described by the universal elastic scattering amplitude in Eq. (3). Expressions for the cross sections in Eqs. (14) that take into account the rescattering were presented in Ref. [19] . The cross sections in Eqs. (14) were expressed in factored forms, with long-distance factors that involve the binding momentum γ X and with short-distance factors that involve only momentum scales of order m π or larger. The amplitude for producing D * 0D0 in Eq. (14a) can be decomposed into charge-conjugation even (C = +) and charge-conjugation odd (C = −) components. The C = + component has an enhancement near threshold from the resonance, and the C = − component can be neglected in comparison. If the relative momentum k of the charm mesons in the charm-meson-pair rest frame is small compared to m π , the amplitude for producing D * 0D0 can be expressed as a product of the C = + component of a short-distance amplitude and a resonance factor that depends on γ X :
The corresponding expression for the amplitude A D 0D * 0 +y (k) is identical. are independent of the momentum if k is small compared to m π . The constant Λ in the numerator of the resonance factor should be of order m π . The only dependence on the small momentum γ X is in the denominator of the resonance factor. Since Λ γ X , the absolute value of the resonance factor is approximately 1 at k = Λ, so Λ can be interpreted as the momentum scale where the amplitude becomes comparable in magnitude to the amplitude in the absence of the resonance. The resonance factor in Eq. (18) produces a threshold enhancement in the cross section. The differential cross section dσ/dE in the kinetic energy E of D * 0D0 in the D * 0D0 center-of-momentum (CM) frame should have a local minimum above the threshold enhancement. A simple physical interpretation of Λ is that the kinetic energy E at the local minimum is roughly Λ 2 /2µ. The factorization formula for the D * 0D0 cross section can be obtained simply by inserting the amplitude in Eq. (18) into Eq. (14a). The factorization formula for the X cross section cannot be obtained so simply. If the universal wavefunction in Eq. (2) is inserted into Eq. (14c), the momentum integral is logarithmically ultraviolet divergent. The factorization formula for the X cross section can be obtained instead by requiring the sum of the cross sections for producing X and the cross sections for producing D * 0D0 and D 0D * 0 integrated over k to be consistent with the integrated form of the optical theorem in Eq. (5). The resulting factorization formulas for the inclusive cross sections are
The differential cross sections for D * 0D0 and D 0D * 0 in Eqs. (19a) and (19b) should be good approximations up to relative momentum k of about Λ.
The short distance factors in Eqs. (19) can be eliminated to obtain an expression for the D * 0D0 cross section in terms of the X cross section:
If this D * 0D0 cross section is integrated over the region |k| < k max , there is a value of k max such that the integrated cross section is equal to that for X: k max = 7.73 γ X .
1 If this value of k max is significantly smaller than Λ, we obtain an equality between the X cross section and a D * 0D0 cross section:
The energy corresponding to k max = 7.73 γ X is 59.8 (γ 2 X /2µ). The equality in Eq. (21) is consistent with the upper bound in Eq. (17) with k max of order γ X , but the coefficient 7.73 of γ X in Eq. (21) is much larger than that assumed in Ref. [18] , which was apparently about 1. For the binding momentum γ X = 18 MeV, which corresponds to an energy E X that is 1σ below the central value in Eq. (7), the maximum momentum on the right side of Eq. (21) 
This naive D * 0D0 cross section integrated over the region |k| < k max scales like k 3 max , in agreement with the charm meson cross section calculated using an event generator in Ref. [19] . In the expression for the X cross section in Eq. (19c), the sum over the many additional particles y give cancellations that suppress the interference terms between the amplitudes A 
In a high energy hadron collider, the cross sections for producing D * 0D0 and D 0D * 0 should be equal at large transverse momentum, because the light quarks in the charm mesons are unlikely to come from the colliding hadrons. The short distance factor in the expression for the naive D * 0D0 cross section in Eq. (22) can then be eliminated in favor of the X cross section using Eq. (23):
Note that this is larger by a factor of 2 than the cross section obtained from the equality in Eq. (20) (24) is integrated over the region |k| < k max , there is a value of k max for which the integrated cross section is equal to the X cross section:
The estimate in Eq. (25) can be obtained from equations in Ref. [19] up to an error by a factor of 2 1/3 in k max . If the D * 0D0 cross section in Eq. (17) of Ref. [19] with Λ replaced by k max is set equal to the X cross section in Eq. (18) of Ref. [19] , it gives the estimate in Eq. (25) with k max = (6πΛ 2 γ X ) 1/3 . The estimate for the X cross section in Eq. (25) is incompatible with the upper bound in Eq. (17) with the maximum momentum k max = γ X apparently assumed by BGP 2 S [18] . Since Λ is order m π , the estimate in Eq. (25) is compatible with the upper bound in Eq. (17) with k max of order m π , as proposed in Ref. [19] . If we set γ X = 18 MeV and Λ = m π , the maximum momentum in Eq. (25) is k max = 150 MeV.
VI. XEFT
The universal results for the X(3872) wavefunction in Eq. (2) [32] . It is an effective field theory for neutral and charged charm mesons D * ,D * , D, andD and for neutral and charged pions π. XEFT describes explicitly the D * D , DD * , andDDπ components of the X. The region of validity of the original formulation of XEFT extends to about the minimum energy required to produce a ρ meson. For a charm meson pair, the region of validity is below a relative momentum of about 1000 MeV. For a charm meson pair plus a pion, the region of validity of XEFT is also limited by the nonrelativistic approximation for the pion: the relative momentum of the pion must be less than about m π ≈ 140 MeV. We refer to a pion with relative momentum of order m π or smaller as a soft pion.
A Galilean-invariant formulation of XEFT that exploits the approximate conservation of mass in the transitions D * ↔ Dπ was developed in Ref. [33] . In Galilean-invariant XEFT, of a particle is taken into account through its rest energy. Galilean invariance simplifies the utraviolet divergences of XEFT. The pion number defined by the sum of the numbers of D * ,D * , and π mesons is conserved in Galilean-invariant XEFT. The region of validity of Galilean-invariant XEFT extends up to about the minimum energy required to produce an additional pion, which is above the D * D threshold by about 140 MeV. For a charm-meson pair, the region of validity extends to a relative momentum of about 500 MeV.
In Ref. [34] , Braaten, Hammer, and Mehen pointed out that XEFT could also be applied to sectors with pion number larger than 1. In particular, it can be applied to the sector with pion number 2, which consists of D * D * , DD * π, D * D π, DDππ, and Xπ. The cross sections for D * D * → D * D * and D * D * → Xπ at small kinetic energies were calculated in Ref. [34] . If a high energy process can create D * D * at short distances, XEFT can describe their subsequent rescattering into X plus a soft pion. In Ref. [35] , we applied XEFT to exclusive decays of B mesons into KXπ. In sections VII and VIII, we apply XEFT to the inclusive production of D * D * and Xπ with small relative momentum in high energy hadron collisions.
VII. PRODUCTION OF A SPIN-1 CHARM-MESON PAIR
XEFT can be applied to the production of D * D * through a short-distance process that creates the pair of charm mesons. A short-distance process is one in which all the other particles in the reaction have momenta in the D * D * CM frame that are much larger than m π . As far as the D * andD * are concerned, the process can be described as a point interaction that creates D * andD * . The amplitude for producing D * D * can be represented in XEFT by the Feynman diagram in Fig. 2 with a vertex from which the D * andD * emerge. We denote the vertex factor for the reaction that creates D * 0D * 0 at a point and produces the set of additional particles y by iA * summed over their spins and integrated over their momenta is a 4-index Cartesian tensor that defines a density matrix in the spin indices ij of the amplitude and the spin indices kl of the complex conjugate amplitude. This tensor must be a linear combination of δ ij δ kl , δ ik δ jl , and δ il δ jk . The term δ ik δ jl is diagonal in the spin indices ik of the charm meson and in the spin indices jl of the anti-charm meson. The terms δ ij δ kl and δ il δ jk take into account entanglement between the spins. Their coefficients will be positive for some sets of the additional particles y and negative for other sets. In the case of inclusive production at the Tevatron or the LHC, cancellations from the sum over the many additional particles will suppress the δ ij δ kl and δ il δ jk terms, leaving a density matrix proportional to δ ik δ jl . The weighted average from the sum over the additional particles y therefore has the form
After multiplying by the polarization vectors, the sum over the spin states of D * 0 andD * 0
The prefactor 1/9 in Eq. (26) was chosen so the prefactor in Eq. (27) would be 1. The inclusive differential cross section for producing D * 0D * 0 with large total momentum and small relative momentum k and with polarization vectors ε andε can be expressed as
The differential phase space dΦ (D * D * )+y is that for a composite particle denoted by (D * D * ) with mass 2M * 0 and the additional particles y. The integrals are over the 3-momenta of the additional particles but not over the 3-momentum P of (D * D * ). The cross section is therefore differential in P and k. The sum over the spins of D * 0 andD * 0 is implicit. We assume the D * 0D * 0 channel has no resonant threshold enhancement analogous to the X in the D * 0D0 channel, so A ij D * 0D * 0 +y can be interpreted as a short-distance amplitude. In the production of a pair of charm mesons with large transverse momentum at a high-energy hadron collider, isospin symmetry and heavy-quark spin symmetry imply that the short-distance amplitudes for producing each pair of spin states for the charm mesons D ( * )D( * ) should be equal. Since we have absorbed factors of 3 from summing over spin states of D * andD * into the amplitudes, the squares |A D * 0D * 0 +y | 2 of the amplitudes in Eq. (28) should be equal to 3 times the squares of the corresponding short-distance amplitudes for producing D * 0D0 and D 0D * 0 in the expression for the X cross section in Eq. (23) . For inclusive production at the Tevatron or LHC, the total momentum of D * 0D * 0 is large enough that the difference between the mass 2M * 0 of D * D * and the mass M * 0 + M 0 of D * D can be neglected in the phase space integrals. We can therefore eliminate the short-distance factor in Eq. (28) unknown momentum scale Λ of order m π and the unknown binding momentum γ X :
VIII. PRODUCTION OF X PLUS A SOFT PION
A pair of spin-1 charm mesons D * 0D * 0 created at short distances can rescatter into Xπ 0 . The Feynman diagrams for D * 0D * 0 created at a point to rescatter into Xπ 0 are shown in Fig. 3 . The amplitude for these diagrams can be calculated using XEFT. In addition to the Feynman rules for Galilean-invariant XEFT given in [33] , we need the vertices for the coupling of D * 0D0 and D 0D * 0 to X. The vertices are given by ( √ πγ X /µ)δ ij , where i and j are the spin indices of the spin-1 charm meson and the X [34] . If the amplitude for producing D * 0D * 0 at short distances with specific polarization vectors is A ij D * 0D * 0 +y ε iεj , the vertex for creating D * 0D * 0 at a point in Fig. 3 is iA ij D * 0D * 0 +y
. That amplitude can be treated as a point vertex, because the momenta of the colliding hadrons and of the additional particles y in the Xπ rest frame are all large compared to the relative momentum q of X and π. The integral over the loop energy is conveniently evaluated by contours using the pole of the propagator for the D * 0 orD * 0 line attached to the X. The remaining two propagators can be combined into a single denominator by introducing an integral over a Feynman parameter. The integral over the loop momentum can be evaluated analytically. The resulting expression for the amplitude for producing Xπ 0 with small relative momentum q in the Xπ rest frame and with polarization vector ε for the X is is the coupling constant for the pion-emission vertex [33] . The final integral over x can also be evaluated analytically if the integrand is simplified using m 0 M 0 . This reduces the prefactor of q 2 in the denominator of the integrand to x/2m 0 . Our final result for the amplitude is rather simple:
The denominator would have a zero at q 2 = 2m 0 δ 0 if the binding momentum γ X and the width Γ * 0 were both zero. We will refer to this denominator as a kinematic singularity factor.
A pair of spin-1 charm mesons D * +D * 0 created at short distances can rescatter into Xπ + . The Feynman diagram is the second diagram in Fig. 3 , with the virtual D * 0 line replaced by a D * + line and the final-state π 0 replaced by π + . The integral over the loop momentum can be evaluated analytically. The final integral over x can also be evaluated analytically if the integrand is simplified using m 0 M 0 . Our final result for the amplitude is rather simple: To obtain the inclusive differential cross section for producing Xπ 0 and Xπ + , the amplitudes in Eqs. (31) and (32) must be multiplied by their complex conjugates. Their product must be summed over the additional particles y (which includes sums over their spin states and integrals over their momenta), summed over the spin states of X, integrated over the phase space of X and π, and divided by the flux factor. For each set of additional particles y, the product of A * summed over their spins and integrated over their momenta, is a density matrix in the spin indices ij and kl. In the case of inclusive production at the Tevatron or the LHC, cancellations from the sum over the many additional particles y leaves a density matrix diagonal in the indices ik and in the indices jl, as in Eq. (26) . After multiplying by the tensors in Eqs. (31) and (32) that involve polarization vectors, the sum over the spin states of X results in a factor q 2 :
The factor |A D * 0D * 0 +y | 2 in Eq. (33a) also appears in the short-distance factor in the cross section for producing D * 0D * 0 in Eq. (28) . The weighted average of this factor over additional particles y should be equal to that for the factor |A D * +D * 0 +y | 2 in Eq. (33b). The shortdistance factor in the cross section for producing Xπ can therefore be eliminated in favor of the differential cross section for producing D * D * in the limit k → 0. when it emits the pion. The peak is produced by the kinematic singularity factor in the denominator in Eq. (34a). The full width at half maximum of the kinematic singularity factor is approximately 1.17 γ Xπ . This differs from the behavior E
3/2
Xπ expected from the P-wave coupling of the pion, because of the kinematic singularity factor in the denominator of Eq. (34a). The differential cross sections in Eq. (34) should be a good approximation for E Xπ up to about 75 MeV, which corresponds to q = m π , beyond which the nonrelativistic approximation for the pion breaks down. At larger E Xπ , dσ/dE Xπ must turn over to give a finite integrated cross section. Describing the turnover region would require treating the pion relativistically. It may also require taking into account the wavefunction of X in the region of k of order m π , where it decreases more rapidly with k than the universal wavefunction in Eq. (2) .
The heights and widths of the narrow peaks in Fig. 4 are sensitive to the binding energy |E X | = γ 2 X /2µ. The sensitivity is illustrated in Fig. 5 . If |E X | is decreased from 0.17 MeV to 0, the heights of the peaks increase by about a factor of 2. If |E X | is increased from 0.17 MeV to 0.34 MeV, the heights of the peaks decrease by about a factor of 0.7. The area under the peak is less sensitive to the binding energy. At large E Xπ , the differential cross sections dσ/dE Xπ from Eqs. (34) approach phase-space distributions proportional to
Xπ . The area under the peak can be defined by subtracting the integral of that phasespace distribution. The approach to the asymptotic behavior is relatively slow, so the area depends on the upper limit of integration E max . If |E X | is decreased from 0.17 MeV to 0, the area for E max = 75 MeV increases by about 6% for Xπ 0 and by about 2% for Xπ + . If |E X | is increased from 0.17 MeV to 0.34 MeV, the area for E max = 75 MeV decreases by about 8% for Xπ 0 and by about 7% for Xπ + . If the differential cross sections for producing Xπ 0 and Xπ + in Eqs. (34a) and (34b) are integrated over the kinetic energy E Xπ up to a value E max much greater than 10 MeV, they can be approximated as
σ Xπ
We have used Eq. (29) to eliminate the cross sections for producing D * D * at k = 0 in favor of the cross section for producing X without a soft pion. This cancels the factors of the unknown binding momentum γ X , but it introduces the unknown momentum scale Λ of order m π . In the last factor of Eqs. (35a) and (35b), the terms proportional to δ At some energy E Xπ larger than 75 MeV, the differential cross sections dσ/dE Xπ must turn over to give finite integrated cross sections. We assume this energy is order m π , so we refer to the production channel as X +(soft π). We also assume the E Xπ distributions in this region have the same shape for the Xπ 0 and Xπ + channels, in which case the dependence on the distributions will cancel in branching ratios for production of X and a soft pion. The resulting prediction for the ratio of the cross sections for Xπ 0 and Xπ
Since the expressions for the differential cross sections in Eqs. (35) are increasing functions of E max , there must be some value of E max beyond the region of validity of XEFT for which the expressions give the complete differential cross section. We assume that value of E max is order m π , so we continue to refer to the pion as soft. We can use Eqs. (35) with E max of order m π to estimate the cross sections for X accompanied by a soft pion. The resulting estimate for the ratio of the cross section for X accompanied by a soft π + , π − , or π 0 to the cross section for X without a pion is
This estimate depends on the unknown scale Λ of order m π and the unknown energy E max at which the Xπ cross section cuts off. A reasonable quantitative estimate for Λ is the momentum scale 150 MeV inferred from the local minimum in the D 0D0 π 0 invariant mass distribution in Ref. [22] . A lower bound on E max is 75 MeV, beyond which the nonrelativistic approximation for the pion breaks down. XEFT predicts that the cross section is still increasing at this energy, so the value of E max that gives the complete cross section for X plus a soft pion should be considerably larger than 75 MeV. Thus the estimate in Eq. (37) implies that the ratio of the cross sections should be considerably larger than 1.1. We conclude that the prompt cross section for producing X accompanied by a soft pion should be considerably larger than the cross section for producing X without the soft pion.
IX. SUMMARY AND DISCUSSION
We have discussed the production of the X(3872) at high energy hadron colliders under the assumption that the X is a weakly bound charm-meson molecule with the particle content in Eq. (1). We considered the production of X through the creation of a charmmeson pair at short distances of order 1/m π or smaller. The formation of the X proceeds on longer distance scales, and it can be described by the effective field theory XEFT. The X can be produced by the creation of its constituents D * 0D0 and D 0D * 0 at short distances followed by the binding of the charm mesons into X. The X can also be produced by the creation of a pair of spin-1 charm mesons D * D * at short distances followed by the rescattering of the charm mesons into Xπ.
The theoretical upper bound on the cross section for producing X in Eq. (17) was derived in Ref. [18] . It is given by the integral of the D * 0 D 0 cross section up to a maximum momentum k max . The authors did not give any clear prescription for k max , but their numerical value for k max was consistent with it being approximately equal to the binding momentum γ X of the X. In Ref. [19] , it was pointed out that the derivation of the upper bound in Eq. (17) actually requires k max to be of order m π . A specific example of a wavefunction for which the derivation of the upper bound requires k max γ X is the universal wavefunction for a weakly bound molecule in Eq. (2) . This failure of the derivation of their upper bound with k max of order γ X has never been addressed by the authors of Ref. [18] .
In Ref. [20] , we used the methods of Ref. [19] to derive the equality in Eq. (21) between the X cross section and the D * 0 D 0 cross section integrated up to the relative momentum k max = 7.73 γ X . This equality takes into account the threshold enhancement in the charm-mesonpair cross section associated with the X resonance. It is not applicable if the charm-mesonpair cross section is estimated using a naive method that is not informed about the resonance, such as a Monte Carlo event generator. We also used the methods of Ref. [19] to derive the estimate in Eq. (25) for the X cross section as the naive D * 0 D 0 cross section integrated up to a relative momentum of order (m π γ X ) 1/3 . The resulting estimates for the prompt cross sections for X at the Tevatron and at the LHC using Monte Carlo event generators are compatible with the experimental lower bounds on the prompt X cross sections given in Eqs. (12) and (13) . Prompt cross sections for X at the Tevatron and at the LHC compatible with the experimental upper bounds in Eqs. (12) and (13) require uncomfortably large values of k max .
In Ref. [35] , we studied the production of X accompanied by a pion in B meson decays into KXπ. This reaction can proceed through the creation of a D * D * pair at short distances followed by their rescattering into Xπ. We used a previous isospin analysis of the decays B → KD ( * )D( * ) [37] to estimate the short-distance amplitudes for creating the D * D * pair. We used XEFT to calculate the amplitudes for the rescattering of D * D * to Xπ with small relative momentum. Our estimate for the branching fractions for decays of B into KX accompanied by a soft pion were roughly comparable to the branching fractions into KX.
We predicted that the Dalitz plot for the decays of B into KXπ should be dominated by a resonance band from the decay of B into K * X followed by the decay of the K * (892) resonance and by a smooth distribution in the region of small Xπ invariant mass due to the rescattering of D * D * into Xπ. There may be evidence for this smooth distribution from rescattering of D * D * into Xπ in the existing data of the Belle collaboration on the decays B → XKπ ± [36] . This smooth distribution could also be observed in data on B meson decays from the Belle II detector at SuperKEKB and from the LHCb detector at the LHC.
In Section VIII, we studied the prompt production of X accompanied by a pion at a high energy hadron collider. This reaction can proceed through the creation of a D * D * pair at short distances followed by their rescattering into Xπ. The differential cross sections for production of Xπ 0 from rescattering of D * 0D * 0 and production of Xπ + from rescattering of D * +D * 0 are given in Eqs. (34) and illustrated in Figure 5 . There is a narrow peak from a kinematic singularity at a kinetic energy E Xπ so close to the Xπ scattering threshold that it would be difficult to observe. At larger E Xπ , the differential cross sections dσ/dE Xπ increase as E
1/2
Xπ . The cross section integrated over E Xπ up to a maximum E max well above the narrow peak is proportional to E 3/2 max , as shown in Eqs. (35) . The ratio of the integrated cross sections for producing X accompanied by a soft π 0 and X accompanied by a soft π + is approximately 4/3, according to Eq. (36) . The estimate for the ratio of the cross sections in Eq. (37) implies that the cross section for producing X accompanied by a soft pion could be considerably larger than the cross section for producing X without the soft pion. It could even be large enough to make estimates of the prompt cross sections for X at the Tevatron and the LHC compatible with the experimental upper bounds in Eqs. (12) and (13) .
The prompt production of X accompanied by π + or π − can be observed at a hadron collider. The charged pion provides a clean signature for this new production mechanism. For prompt production at the LHC, the observation of this signature may be complicated by the combinatorial background from the hundreds of pions produced at the primary interaction vertex. The combinatorial background is especially severe in forward production, which is measured by the LHCb detector. For central production at large transverse momentum, which is measured by the ATLAS and CMS detectors, the combinatorial background may be more manageable. The cross section for producing X accompanied by π 0 , which is not easily observed at a hadron collider, should be approximately 2/3 the cross section for Xπ ± . XEFT predicts that the prompt cross section for producing X should be dominated by the production without a pion, which comes from creation of D * 0D0 and D 0D * 0 at short distances, and by the production accompanied by a soft pion, which comes from creation of D * D * at short distances. It also predicts that the cross section for producing X accompanied by a soft pion should be considerably larger than the cross section for producing X without a soft pion. The observation of the prompt production of X accompanied by π ± at the LHC would provide strong support for the identification of X as a weakly bound charm-meson molecule and present a serious challenge to other models. were actually measurements of D 0D0 π 0 or D 0D0 γ withD 0 π 0 orD 0 γ having invariant mass near the mass of the D * 0 . The D 0D0 π 0 signal includes events below the D * 0D0 threshold from decays of the X resonance and events above the D 0D * 0 threshold from the threshold enhancement in the production of D * 0D0 or D 0D * 0 followed by the decay of D * 0 orD * 0 . Including the entire branching ratio for D 0D * 0 on the right side of Eq. (A3) therefore leads to an underestimate of the upper bound on Br. It gives an additional contribution 9.9 ± 3.2, decreasing the upper bound on Br from 33% to 10%. The estimate in Eq. (8) for the fraction f X of events from decay of the X depends on the unknown binding energy |E X | = γ 2 X /2µ. For |E X | = 0.17 MeV, the estimate for f X is 31%. If we add only 31% of 9.9 ± 3.2 to the right side of Eq. (A4), the upper bound on Br decreases from 33% to 18%.
Upper bounds on the branching fraction in Eq. (A4) that do not take into account the decay mode χ c1 π 0 have been given previously in several papers. The upper bound was given as 8.3% in Ref. [28] and 10% in Ref. [41] . These are much smaller than our upper bound in Eq. (A4). The smaller upper bounds on Br were obtained by including the measured branching ratio for D 0D * 0 on the right side of Eq. (A4). With the additional contribution 9.9 ± 3.2, the reciprocal is then (8.0 ± 2.0)%. The central value is consistent with the upper bound in Ref. [28] . Adding 1.28 σ to the central value gives 10.5%, consistent with the upper bound in Ref. [41] .
As pointed out in Ref. [25] , there are serious systematic errors in previous measurements of X in the D 0D * 0 channel. In these measurements, a D 0 π 0 orD 0 π 0 with invariant mass near the mass of the D * 0 was constrained to have invariant mass equal to the mass of the D * 0 . This moves events below the D * 0D0 threshold to above the threshold [25] . This is why measurements of the mass of the X from the D 0D * 0 channel are larger than measurements from the J/ψ π + π − decay mode. The D 0D * 0 signal also includes events from the threshold enhancement in the production of D 0D * 0 above the threshold followed by decay ofD * 0 [25] . This is why measurements of the width of the X from the D 0D * 0 channel are significantly larger than the upper bound on the width obtained by the Belle collaboration from the J/ψ π + π − decay channel [29] .
